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Abstract. 

It is shown that the field equations derived from an effective interaction hamiltonian 
for Maxwell and gravitational fields in the semiclassical approximation of loop quantum 
gravity using rotational invariant states (such as weave states) are Lorentz invariant. 
To derive this result, which is in agreement with the observational evidence, we use 
the geometrical properties of the electromagnetic field. 
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1. Introduction 

In recent years there has been hope of observing quantum gravity effects via the 
propagation of light through cosmological distances. This hope is based in some models 
describing the interaction of quantum Maxwell and gravitational fields that predict a 
breakdown of Lorentz invariance at a linearized level in the semiclassical approximation. 
The common feature in these models is a non standard dispersion relation which shows 
that spacetime behaves as a medium with a frequency dependent index of refraction 

B 121 El Hi- 
There are two predicted effects that in principle can be measured with the present 
technology. One is the dependence of the speed of photons on their energy. More 
energetic photons would travel slower than less energetic ones and thus, there would be 
a time delay between them as they travel through a cosmological distance PU Oj. The 
second effect is an additional dependence of the speed of photons on their helicity [2] 
(violating parity and Lorentz symmetry). As a consequence, the polarization direction 
can rotate around 2ir over an energy dependent distance (short compared to a typical 
cosmological distance). The net effect on light coming from a cosmological source that 
emits synchrotron radiation would be a loss of polarization by the time it reaches the 
observer [5J. 

However, recent observations of light emitted from synchrotron sources put severe 
limits on these models and raise doubts on the validity of the linear approximations 
since the observations are consistent with Lorentz invariance jOJ. Moreover, applying 
the results of Gleiser- Kozameh jS] to polarized radiation from very energetic photons 
coming from gamma ray bursts [7j, it is possible to place an extremely small bound 
on the phenomenological parameter that corresponds to parity violation. The new 
bound corresponding to 2 MeV photons is given by x < 10~ 15 , the lowest obtained so 
far[8j. The lack of evidence supporting Lorentz violation motivated a revision of the 
effective Hamiltonian describing the interaction between the Maxwell and gravitational 
fields in the semiclassical approximation. Very recently it was shown that, at least in 
the canonical framework, Lorentz invariance is preserved at a linearized level when the 
geometrical meaning of the Maxwell field is taken into account [Hi- 
lt is worth pointing out that if Lorentz violation occurs as a second order effect, 
it would be impossible to be measured with a time delay observation. The predicted 
order of magnitude for this measurement would change from 10 _3 sec for a violation 
at a linear level in E/Epi anc k (for an E = lGeV photon) to 10 _22 sec for a quadratic 
correction. However, it could in principle be detected by observing the rotation of 
the polarization direction. Since this second prediction is a consequence of parity 
violation in the canonical approach to quantum gravity, in this work we reexamine the 
effective Hamiltonian of the Gambini-Pullin model [2 j keeping all the orders in the Taylor 
expansion that naturally arises when the rotational invariant properties of the weave 
states are used to compute expectation values. We show that the resulting equations 
preserve Lorentz invariance to all orders if we impose the geometrical condition that 
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the electromagnetic field operator is the curvature of the quantum Maxwell connection. 
Although the calculations in this work neglect back reaction terms in the metric, we 
argue in the concluding remarks that the full set of equations would preserve Lorentz 
invariance at a local level. 

2. The Interaction Hamiltonian and the field equations 

In this section we first compute the effective Hamiltonian density for the interaction 
between the Maxwell and gravitational field in loop quantum gravity. The calculation is 
done by taking expectation values of the energy density operator using weave states for 
the gravitational sector, and coherent states for the Maxwell sector 2\. We then derive 
the corresponding field equations and show that they can be written as the standard 
Maxwell equations. 

The Maxwell field on a curved spacetime is given by an exact 2-form 

F = dA, 

with A the Maxwell connection 1-form. Given a local coordinate system with timelike 
and spacelike coordinate vectors e™ and e° respectively, we define the electric and 
magnetic fields as E a = F ao and B a = \e abc F bC) where e abc is the Levi-Civita symbol. 
The energy density is: 

n = \g ab ^g (E a E b + B a B b ) (i) 

where g ab is the 3-dimensional metric and g is the determinant of the 4-dimensional 
metric. In order to obtain the corresponding Hamiltonian density we must define the 
phase space. We will take the pairs ([A a ], 7r b ) as members of our phase space, where [A a ] 
represents a class of equivalence (with A a and A a being equivalent if A a = A a + <9 a 0) 
and 7r 6 is such that d b ir b = [10J. With the above definitions, E a and B a are given by 
E a = -d t [A a ) and B a = e abc d b A c . 

Promoting the metric to a quantum operator as proposed by Thiemann [TT], the 
electric part of the energy density operator is given by 

n E = \jd 3 xJ d s yw a k (x)w b k (y)E a (x)E b (y)f e (x - y), (2) 

where w% are the quantum operators corresponding to the vectors of a triad and f e {x — y) 
is a function introduced for regularization purposes that goes to a delta function as 
e — > 0. Taking the expectation value in a weave state |A), one gets 

<A|tf B |A> = W (Alw^vM^mK^E^), (3) 

since the operators wf. only act at the vertices V{ of the state. The above summation 
must be performed on vertices within a region of dimension A such that the energy 
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density becomes a scalar under spatial rotations. Assuming that the electric field is 
slowly varying in a A scale, we can expand it around the central point P as 

E a ( Vi ) = E a (P) + £ - P) cl ...(vi - P) Ck d Cl ...d Ck E a (P), (4) 

where the distance (v{ — P) Cl is assumed to be at least of order of the Planck length £p. 

Inserting the above expression in (jSJ), the electric part of the effective energy density 
can be written as 



1 00 1 

H E = -S ab E a E b + £ a ]T t k p ef c ^d Cl ...d Ck E b = -E a H ab E b , (5) 

z k=i 1 

with $^ bci - Ck a field-independent tensor . 

Since He is a scalar, the quantity 9^, Cl '" Ch d cl ...d Ch E b must transform as a vector 
under spatial rotations. Thus, it can be written as the curl of a vector field plus the 
gradient of a scalar function: 

9t bci - Ck d Cl ...d Ck E b = (V x C lk Y + Vy lk , (6) 



but, again C\k = (V x C^fcJ + V02fc and so on (when needed, we will switch for simplicity 
between index and vectorial notation). After k steps we have 



9 a k bCl - Ck d cl ...d Ck E b = a k [(Vx) h E + V0 fc f , (7) 

where the expression (Vx)* must be interpreted as k curls taken consecutively, a k are 
constant coefficients and 4>k is a linear functional of E a . 
Introducing this into (JSJ) we obtain 



oo 



He = l -5 ab E a E b + E a J2 4«* [(Vx) fc E + V0 J " . (8) 
z fc=i 

From the above expression one writes the explicit action of H ab on E b as 

oo 

H ab E b = E a + 2Y, i k P a k [(Vx) k E] a + V a (p(E), (9) 

k=l 

where 4>(E) = J2kLi £potk<f>k(E) and it is linear in the electric field. 

In order to obtain the Hamiltonian density we must first determine the relationship 
between the electric field E a and the canonical momentum 7t b . We know that, by 
definition, E a = — dt[A a ] and, from Hamilton's equations, dtL4 a ] = J^, hence 

_OH__dHdE b 

Note that the above is a differential equation for E a (ir b ). Inserting (|SJ) into (fTUj) 
gives 

{^ HbC + 6C ) Ec = °- (U) 
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Solving this equation for E a yields 

E a = -(H- 1 )^. (12) 

This is the desired relationship between E a and tt 1 '. Inserting Eq. (|T2|) in the energy 
density yields the hamiltonian density 

H = l - (7i a H-\ b 7i b + B a H ab B h ) (13) 

Since both n a and B a are divergence free fields, integrating by parts and dropping 
surface terms, it is possible to redefine H ab to eliminate the gradient part of the operator. 
We thus write 

U = - (ttH^tt + BHB) (14) 

with 

oo 

H = Jci + 2^4a fe (Vx) fc . (15) 

k=l 

We now derive the corresponding field equations for E and B. The homogeneous 
Maxwell equations 

V-5 = (16) 
d t B + V x E = 0, (17) 

are automatically satisfied since E = —dtA and B = V x A. 
Moreover, using n = —HE we get 

= V-t? = V-£?, (18) 

where the explicit form of H has been used. 

The remaining Hamilton equation d t ir a = —-§j- yields (using again tt = — HE), 

U(d t E) = V x (HB). (19) 

Since the curl operator commutes with H, the above equation reduces to 

d t E = V x B, (20) 

which proves that, within the semiclassical approximation the electromagnetic field 
satisfies the usual Maxwell equations and it is therefore Lorentz invariant. 
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3. Final comments and conclusions 

In this work we have shown that when we take into account the typical volume of a weave 
state to construct a rotational invariant expectation value and assume that the Maxwell 
field admits a Taylor expansion (taking the Planck length as an expansion parameter), 
the resulting field equations are Lorentz invariant. An equivalent statement would be 
that the discreteness introduced by the weaves do not modify the invariant properties 
of the classical field. 

Since only invariant properties of the energy density under spatial rotations have 
been used to derive these results, Lorentz invariance should also remain valid for other 
rotationally invariant states as long as the same regularization procedure is used to 
construct the energy density operator. 

A second observation to be made is that — E is not the conjugate momentum to 
A. Note also that Eq.([12j) is the quantum equivalent of E a = —gab 71 '*' with the classical 
g a b replaced by H" 1 ^. Therefore one should not extrapolate from the classical result 
and make the (wrong) assumption that —E and A are conjugate pairs when quantum 
gravity effects are taken into account. 

One could argue that these states do not constitute an appropriate basis for 
computing expectation values of second or higher order corrections to the semiclassical 
approximation and we do not know if indeed this is the case. However, it seems plausible 
that one can always find a new basis such that, at each order in a perturbed solution 
of the coupled field equations, the expectation value of the metric operator yields the 
classical value of the metric field in the Einstein-Maxwell equations of motion resulting 
from a classical hamiltonian. If there exists a one-parameter family of basis connecting 
the weave states with the new basis, then it is straightforward to generalize the above 
results and prove Lorentz invariance for the full theory. 

Acknowledgments 

We thank Ted Jacobson for valuable help. This work was supported in part by grants 
of the National University of Cordoba and Agenda Cordoba Ciencias. (Argentina). 
C.N.K. is a member of CONICET. F.P. is supported by SECYT - UNC. 

References 

[1] Amelino-Camelia G, Ellis J, Mavromatos N E, D.Nanoupolos D V and Sarkar S 1998 Nature 393 
323 

[2] Gambini R and Pullin J 1999 Phys. Rev. D 59 124021 

[3] Alfaro J., Morales - Tecotl H., Urrutia L. 2002 Phys. Rev. D 65 103509 

[4] Sahlmann H and Thiemann T 2002 Towards the QFT on Curved Spacetime Limit of QGR II: A 

Concrete Implementation Preprint gr-qc/0207031 
[5] Gleiser R J and Kozameh C N 2001 Phys. Rev. D 64 083007. 
[6] Jacobson T., Liberati S., and Mattingly D. 2003 Nature 424 1019-1021. 
[7] Coburn W., Boggs S., 2003 Nature 423 415-417. 



Lorentz Invariance and the semiclassical approximation of loop quantum gravity 



7 



[8] Jacobson T., Liberati S., Mattingly D., and Stecker F 2003 astro-ph/0309681 

[9] Gleiser R J, Kozameh C N and Parisi F 2003 Class. Quantum Grav. 20 4375 - 4385. 

[10] Wald, R. 1984 General Relativity, The University of Chicago Press 466. 

[11] Thiemann T 1998 Class. Quantum Grav. 15 1281-1314. 



